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1 Introduction 



Hawking's semiclassical analysis of the black hole radiation suggests that most information 
about initial states is shielded behind the event horizon and will not back to the asymptotic 
region far from the evaporating black hole pp. This means that the unitarity is violated by 
an evaporating black hole. However, this conclusion has been debated by many authors 
for three decades [21 El H]. It is closely related to the information loss paradox which 
states the question of whether the formation and subsequent evaporation of a black hole 
is unitary. One of the most urgent problems in the black hole physics is the lack of 
resolution of the unitarity issue. Moreover, a complete description of the final stage of 
the black hole evaporation is important but is still quite unknown. To reach the solution 
to these problems, we need to use quantum gravity. 

Although two leading candidates for quantum gravity are the string theory and the 
loop quantum gravity, we need to introduce an alternative approach that provides a man- 
ageable form of the quantum gravity effect. It was proposed that the holographic principle 
could serve such a purpose because it includes the effect of the quantum mechanics and 
gravity [HIE]. Nowadays we are interested in the generalized uncertainty principle (GUP) 
and its consequences [3, El E] since the Heisenberg principle is not expected to be satisfied 
when quantum gravitational effects become important. Even though the GUP has its 
origins in the string theory [TH] and it is similar to noncommutativity [7j, the principle 
provides the minimal length scale and thus modifies the thermodynamics of the black hole 
at the Planck scale significantly. One important modification is how the GUP prevents 
total Hawking evaporation of the small black hole similar to the way the Heisenberg prin- 
ciple prevents the hydrogen atom from total collapse. Hence, there remains a remnant of 
a black hole. The authors [9] insisted that the remnant does not necessarily have a black 
hole horizon. Thus they have set the entropy to zero at the Planck scale. However, this 
approach is not a complete work of the GUP effect on black hole thermodynamics. We 
call the thermodynamic picture modified by the GUP the UV thermodynamics of a black 
hole. 

On the other hand, there exists the Gross-Perry- Yaffe (GPY) phase transition from 
thermal radiation to a black hole pJj. However, a black hole nucleated at the Hawking 
temperature Th = 1/ SvrM is in an unstable equilibrium with a heat reservoir of the same 
temperature T = Th in asymptotically fiat spacetime. Its fate, under small fluctuations, 
will be either to decay to hot fiat space by radiating or to grow without limit by absorbing 
radiation in the heat reservoir. There is a way to achieve a stable large black hole in 
equilibrium with a heat reservoir. A black hole could be rendered thermodynamically 
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stable by introducing a cavity [121 [131 El [IS]. An important point is to know how the 
system of a black hole with positive heat capacity could be realized through the phase 
transition. This corresponds to the IR thermodynamics of the black hole in a cavity. We 
call the phase transition between thermal radiation and the large black hole in a cavity 
as the well-defined Gross- Perry- Yaffe (WGPY) transitioij^. The WGPY transition could 
be checked by observing the heat capacity and free energy [T7]. 

Our work is based on the first law of dE = TdS rather than dM = TdS. We in- 
vestigate the UV thermodynamics by introducing the thermal energy E instead of the 
Arnowitt-Deser-Misner (ADM) mass M. We find that the black hole remnant is a thermo- 
dynamically stable object because of its positive heat capacity. Furthermore, we introduce 
the geometric means of UV and IR thermal quantities to study whether the phase tran- 
sition to a stable large black hole is possible. 

The organization of this work is as follows. We first study the UV thermodynamics 
for a modified black hole by the GUP in section II. Section III is devoted to reviewing the 
WGPY phase transition of the Schwarzschild black hole in a cavity, which corresponds to 
the IR thermodynamics for the large black hole. Finally, we discuss and summarize our 
results of thermodynamic properties in section IV. 



2 GUP and UV thermodynamic system 

The GUP possesses a minimal length scale which leads to a finite resolution of the space- 
time. Thus, we could use the GUP to modify thermodynamic quantities of the black hole. 
Let us start with the GUP 



with Ip = yGh/c^ the Planck length. The Planck mass is given by Mp = yhc/G. The 
above implies a lower bound on the length scale 

Ax > 2/p, (2) 

which means that the Planck length plays an important role as a fundamental scale. 
On the other hand, the GUP may be used to derive the modified black hole tempera- 
ture. A simple calculation provides the modified temperature for radiated photons. The 
momentum uncertainty for radiated photons can be found to be 



^Actually, this transition corresponds to the Hawking-Page transition in the anti de Sitter space- 
time [16j . 
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For simplicity we use the Planck units of c 
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ks = 1 which imply that 
Ip = Mp = 1. Considering the GUP effect near horizon and Ax = = 2M, the energy 
(temperature) of radiated photons Ap can be identified with the UV temperature of a 
black hole up to a factor of 2tt 
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(4) 



Here we choose a negative sign to recover the Hawking temperature of in the limit of 
large M. We are now in a position to introduce the UV thermal energy by analogy with 
the IR thermodynamics fl2[ [T3l [T4j 
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(5) 



In the case of M ^ 1, this energy approximates to Euy ~ m(^1 + 1/4M2). It takes the 
Schwarzschild mass of Es = M in the limit of large M. Rewriting M in terms of -Et/y, 
we have M ~ Euvi^ — y^l — 1/ Efjy) /2, which shows that the ADM mass consists of the 
thermal energy and gravitational self-energy associated with the GUF^]. 

The entropy correction is obtained by integrating the first law of dEuv = TuvdSuv- 
The modified entropy thus is given by 



Si 



UV 



'1 



M2 



In ( M + VM2 - 1 



(6) 



which approaches the Bekenstein-Hawking entropy Sbh = 'AttM'^ in the limit of large M. 
The modified heat capacity takes the form 



dT, 



UV 



(7) 



which leads to the heat capacity for the Schwarzschild black hole Cs = —StiM'^ in the 
limit of large M. Finally, the on-shell free energy is defined by 



^UV 



Ejjv ~ TjjvS] 



uv^uv- 



^We note that the difference between mass and thermodynamic energy was first clarified in 
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Figure 2: Plot of the on-shell free energies as a function of M. The dashed hne denotes 
F^y, and the sohd hne represents 



on 

uv- 



At this stage, it is appropriate to comment on the difference between the ADM mass 



M and thermal energy Euv If one uses M instead of Euv, the heat capacitja is given by 



Cuv = ^= 4vr / - ■ (9) 



M2 

Also the free energy takes the form 

F^y = M-TuvSuv (10) 
with the unnormalized entropy derived from the integration of dM = TjjvdSuv P] 



Suv = 27r 



M2(l + Jl-^)-ln(M + v/M^ 



'111 



■^Here we distinguish the case with mass M from the case with the thermal energy E by introducing 
the notation of O: {Cuv , Suv , Fuv) and {Cuv , Suv , Fuv)- 
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In the limit of large M, one recovers the free energy Fg" = M — ThSbh = M/2 for the 
Schwarzschild black hole from both and Fff^. As is shown in Fig. 1, we find that 
Cuv{M = 1) = 0, while Cuv{M = 1) = Svr > 0. We observe that a thermodynamically 
unstable region {Cuv < 0) appears for M > 1.15. This means that the remnant of black 
hole is thermodynamically stable near the Planck scale if one takes a proper definition 
of the energy into account. Also we find from Fig. 2 that the GPY phase transition 
from thermal radiation (M = 0) to a small black hole is impossible because there exists a 
forbidden region of < M < M. We suggest that the phase transition from the remnants 
(M = 1) to a large black hole is possible to occur. However, this fact is unclear until one 
studies the a black hole in a cavity. 



3 IR system: Schwarzschild black hole in a cavity 

A black hole of mass M can be rendered thermodynamically stable by confining it within 
an isothermal cavity. We assume that a black hole is located at the center of the cavity. 
Here we fix the temperature T on its isothermal boundary of radius R. In an equilibrium 
configuration, the Hawking temperature Tipi measured on the boundary must be equal to 
the boundary temperature T [12] 



This means that, according to the Tolman law, a local observer at rest will measure a 
local temperature T which scales as 1/ ^J—goo for any self-gravitating system in thermal 
equilibrium with a heat reservoir. The cavity is regarded as the heat reservoir. At 
M = Mjjio = R/3, Tjji has the minimum temperature 



which corresponds to the nucleation temperature of a black hole. The nucleation is a 
purely quantum-gravitational phenomenon. The equation ffT^ allows two solutions for a 
given T: an unstable small black hole with mass M„ and a stable large black hole with 
mass Ms. For T < T^q, no real value of M can solve Eq.( |T2i) . making it hard for any 
black hole to exist in the cavity. The solutions in the left-handed side of Mmo correspond 
to unstable black holes with mass — (l/87rT)[l + 1/8ttRT], while those in the right- 
handed side are stable black holes with mass Mg ~ (i?/2)[l — l/(47r i?T)^] p[2]- Mg arises 
from the effect of a cavity. Here we have a sequence of M„ < Mirq = 33 < Ms for 
R = 100. 
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Figure 3: The solid line represents the IR-free energy Fj^, while the dashed lines denote 
the off-shell free energy -F/^'^. From the top down, we have the off-shell free energy graphs 
for T = 0.001, TjRo{= 0.0021), 0.0025, T7^i(= 0.0026), 0.004, 0.005. 



The thermal energy is derived from the first law of dEjR = Tj^dSm by assuming that 
the black hole entropy is not changed. The thermal energy and entropy for the black hole 
embedded in a cavity take the form of Ejr = r(i - - 2M//?) and Sir = AnM"^, 
respectively. Solving Ejr for M leads to M = Ejr — E'j^/2R, which states that the ADM 
mass consists of the thermal energy and the gravitational self-energy due to the presence 
of a cavity. The heat capacity is defined as Cjr = {SEir/ dTiR)A at the constant area 
A = ATrR"^ of the boundary. The heat capacity and free energy F^r = Ejr — TjrSjr are 
given as 

(l-3M/i?) V V J 2J1-2M/R 



Actually, F^r = leads to the phase transition at M = Mjri = AR/9. Substituting it 
into Eq. ffT^ . the phase transition temperature can be obtained as 

As is shown in Eq.I lT^ . Cjr has a singular point at M = Mjrq. This suggests that the 
phase transition is the first-order at T = Tjrq. However, this behavior of heat capacity 
does not indicate a phase transition in the canonical ensemble. The heat capacity deter- 
mines thermal stability of the system. The system is thermally unstable for M < Mjrq, 
while it is stable for M > Mjrq. On the other hand, the IR-free energy Fjr does not have 
a pole at M = Mjrq. Instead, it has the maximum value at this point and becomes zero 
at M = MjRi. 
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Figure 4: The graphs of temperature: a) for < M < 5, and b) for < M < 50. Sohd 
hue: Hawking temperature Tgm of the geometric mean. Short-dashed hne: temperature 
Tf^ of the IR system. Long-dashed hne: temperature Tuv of the UV system inspired by 
the GUP. 

In order to study the phase transition exphcitly, let us introduce the off-shell free 
energy, which plays a role of effective potential in the canonical ensemble, as follows 

FfJ = EjR - TSiR = r{i - ^1 - 2M/r) - AttM^T. (16) 

With T = TiFto, an extremum appears at M = M/ijo(= = Ms). This could be checked 
by noticing an inflection point in Fig. 3. The nucleation of a stable black hole with 
mass Ms occurs at T = Tirq. For T > Tirq, there are two extrema, the unstable small 
black hole with mass M^ and the stable large black hole with mass M^. We note that for 
Tim < T < TjRi, Fj^-^ has a saddle point (not maximum) at M = M^. This unstable 
solution is important as the mediator of the phase transition from thermal radiation 
to a stable black hole. At T = Tim, there is a transition between thermal radiation 
and a large black hole. That is, for T < Tim thermal radiation dominates, while for 
T > Tim a black hole dominates. This is a picture of the WGPY phase transition: 
M = ^ M = Mu — ^ Ms. Furthermore, is a set of stationary points of Fj^^ . 
That is, -Ff]j can be obtained from the off-shell free energy Fj^^ through the dynamic 
operation: dFjl/ / dM = ^ T = Tm — >■ Fj^^ = Ff^. This shows why we use the name 
of "off-sheU" clearly. 

4 Discussion and Summary 

The WGPY phase transition occurs between hot fiat space (thermal radiation) and a large 
black hole. Its key feature is the transition from negative heat capacity to positive heat 
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capacity by the introduction of an isothermal cavity. However, there is still a drawback 
concerning the divergent behavior of the black hole temperature, which appears at the 
final stage of the black hole evaporation process as a result of Hawking radiation. 

On the other hand, if one introduces the GUP into the black hole thermodynamics, 
the minimal length of the Planck scale turns on. This modifies thermodynamic quantities 
of the black hole near the Planck scale significantly. As a result, a black hole remnant 
remains with the maximum temperature, which can be expressed as Cuv = Stt > 0, F^y = 
0,T{/y = 0.056 (maximum) at the Planck scale. Surprisingly, there exists an inaccessible 
region of < M < 1, that forbids the GPY phase transition from thermal radiation 
(M = 0) to a small black hole. A similar case is found in the topological AdS black 
holes in]. 

Moreover, one could expect to encounter another phase transition from the remnant 
at M = 1 to a large black hole. For this purpose, one may attempt to incorporate the 
UV system with the IR system. One ansatz is to use their geometric mean of Ouv and 
OiR defined by Ogm = VOjjyUni [221 ES]- First, let us consider the temperature of the 
black hole system with UV and IR cutoffs. We have three temperatures: T^/y, Tir, Tgm = 
\/TuvTiR. We find immediately from Fig. 4a that the geometric mean does not works 
near the Planck scale well. At this point, we note that when M is small, Tgm differs 
from both Tjjy and T//j. As is shown in Fig. 4b, the minimum temperatures of T//j 
and Tgm are given by Tim{M = 33) = 0.0021 and Tgmo{M = 40) = 0.0015. Thus, 
applying the geometric mean leads to the unwanted result that the minimum point is 
shifted from Mmo = 33 into Mgmo = 40. It turns out that this temperature is not a 
physical temperature but a mathematical device. As a result, we have failed to show that 
this transition occurs naturally. We attribute this failure to our choice of the geometric 
means to describe the transition. 

In summary, we have shown that the minimal length induced by the GUP interrupts 
the GPY phase transition for small black hole and the phase transition of the remnant to 
a large black hole. 
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